We study the relation between the 2-local Ramsey number R 2-loc (G) and the Ramsey number R(G), where the complement of G is a disjoint union of some complete graphs or G is a disjoint union of some stars.
Introduction
Let F; G; H be simple graphs with at least two vertices. The Ramsey number R(G; H ) is the smallest integer n such that in arbitrary 2-colouring (say red and blue) of K n a red copy of G or a blue copy of H is contained (as subgraphs). If G ∼ = H we write R(G) instead of R(G; G).
A local k-colouring of a graph F is a colouring of the edges of F in such a way that the edges incident to each vertex of F are coloured with at most k di erent colours. The k-local Ramsey number R k-loc (G) of a graph G is deÿned as the smallest integer n such that K n contains a monochromatic subgraph G for every local k-colouring of K n . The existence of R k-loc (G) is proved by GyÃ arfÃ as et al. [6] . Most of the results for local k-colourings can be found in [1] [2] [3] [5] [6] [7] [8] [9] [10] .
In this paper we study the relation between the 2-local Ramsey number R 2-loc (G) and the Ramsey number R(G), where the complement of G is a disjoint union of some complete graphs or G is a disjoint union of some stars.
We can deÿne a partition P(K n ) on the vertices of K n as follows. Let A ij denote the set of vertices in K n incident to edges of colour i and colour j. The vertices incident to edges of only one colour, say i, can be distributed arbitrarily among the sets A ij . So every partition set A ij induces a 2-coloured complete graph in K n .
The following result is a key tool in studying of the 2-local Ramsey number of graphs.
Proposition 1 (GyÃ arfÃ as et al. [6] ). Let K n be locally 2-coloured with colours 1; 2; : : : ; m. Then either m = 3 and P(K n ) = {A 12 ; A 13 ; A 23 } or there exists a colour, say 1, such that P(K n ) = {A 12 ; A 13 ; : : : ; A 1m }:
For disconnected graphs G the following results are known.
Proposition 2 (GyÃ arfÃ as et al. [6] ). For every n ¿ 1; t ¿ 2; R 2-loc (nK t ) ¿ n(t 2 − t + 1) − t + 1 and
when t is ÿxed and n is large.
Proposition 3 (GyÃ arfÃ as et al. [6] ). R 2-loc (nK 2 ) = 3n − 1 and R 2-loc (nK 3 
Theorem 4 (Bielak [1] ). R 2-loc (nC 4 ) = R(nC 4 ) for n ¿ 2;
Theorem 5 (Bielak [2] ). If L is a linear forest with n vertices and j odd paths, then
For connected graphs G the following results are known.
Proposition 6 (GyÃ arfÃ as et al. [6] ). If G is an arbitrary connected graph, and K n has a G-free local 2-colouring with n ¿ R(G), then P(K n ) = {A 12 ; A 13 ; A 23 } and no A ij is empty (1 6 i ¡ j 6 3).
Proposition 7 (GyÃ arfÃ as et al. [6] ). Let G be a connected graph. Then
Theorem 8 (GyÃ arfÃ as et al. [6] ). For m ¿ 2n − 1; (m; n) = (3; 2),
Proposition 9 (GyÃ arfÃ as et al. [6] ). Let P n and C n denote the path and the cycle on n vertices. Then R 2-loc (C 3 ) = R 2-loc (C 4 ) = 6;
For study 2-local Ramsey number of graphs we apply the characterization of a colour partition presented in Proposition 1.
2. Investigation of the complement of disjoint union of some complete graphs Theorem 10. Let 2 6 n 1 6 n 2 6 · · · 6 n q ; q ¿ 1; a ¿ 0 be integers and Proof. It is su cient to prove that R 2-loc ( F) 6 R( F). Let R 2-loc ( F) = t + 1.
Suppose that there exists a local 2-colouring, say K, of K t without any monochromatic copy of F. Note that F is a connected graph. So by Proposition 6 we may assume that P(K t ) = {A 12 ; A 13 ; A 23 } and each of the three colours 1,2 and 3 is used. We show that this local 2-colouring can be replaced by a global 2-colouring without any monochromatic copy of F. First, for each integer 1 6 i ¡ j 6 3; k = i; j and 1 6 s 6 q, let u(k; ij) and l s (k; ij) be integers such that A ij contains a K u(k; ij) − Since K does not contain any monochromatic subgraph F, we get the following inequalities:
(1)
Let us recolour K to eliminate colour 1 as follows: change colour 1 to 3 in the subgraph induced by A 12 and to colour 2 in A 13 . Moreover, all edges between the sets A 12 and A 13 recolour to 3 (or 2 respectively). Denote this new colouring by K 1→3 (respectively K 1→2 ). Similarly, we deÿne colourings K 2→3 ; K 2→1 by elimination of colour 2 and colourings K 3→2 and K 3→1 by elimination of colour 3. Suppose that each of global 2-colourings K 1→3 and K 1→2 contains a monochromatic subgraph F in the subgraph A 12 ∪ A 13 . Thus it contains a subgraph F in colour 3 (or 2 respectively) and we get the following inequalities:
Similarly, the assumption that each of the colourings K 2→3 and K 2→1 contains a subgraph F in the subgraph A 12 ∪ A 23 in colour 3, or 1 respectively, leads to the following inequalities:
and the assumption that each of the colourings K 3→2 and K 3→1 contains a subgraph F in the subgraph A 13 ∪ A 23 in colour 2, or 1 respectively, leads to the following inequalities:
Let us assume that each of the above cases holds.
Suppose that a pair of f 1 ; f 2 ; f 3 is zero, say f 1 = 0 = f 2 . Then the sum of the left-hand sides of Eqs. (1) and (2) is less than the sum of the left-hand sides of Eqs. (4) and (9), which is impossible. So at most one of f 1 ; f 2 ; f 3 can be zero.
Without loss of generality we can assume that f 1 = 0 and f 2 = 0. Set u = u(1; 12) + u(1; 13) + u(3; 13) + u(3; 23). Let b s = l s (1; 12) + l s (1; 13) − n s , b s = l s (3; 13) + l s (3; 23) − n s and c s = l s (1; 12) + l s (3; 13) − n s , c s = l s (1; 13) + l s (3; 23) − n s . Note that the sum of Eqs. (1) and (2) is
and the sum of Eqs. (4) and (9) is
If the above two inequalities are satisÿed, then 
where 13 . So in the colouring K * , the subgraph A 12 ∪A 23 contains some vertices belonging to exactly one of the deleted parts of F. Moreover, the F has a vertex in each of the sets A 12 ; A 23 , else the colouring K contains a monochromatic F.
Case 1: Let q = 1 and a ¿ 2. Evidently S = ?. So inequality (11) is not satisÿed. Let n = n 1 . Evidently m = a + n. If K 3→2 contains a monochromatic F = K m − K n then by Proposition 11 we get |A 12 | 6 n − 1 and |A 13 | 6 n − 1.
Let us consider the colouring K * . Suppose that K * contains a subgraph F (in colour 1). So in the colouring K * the subgraph A 12 ∪ A 23 contains vertices belonging to the deleted part K n of F and the subgraph A 13 must contain K m−n = K a ; a ¿ 2 in colour 1, a contradiction.
Case 2: Let q = 2. Let us consider the colouring K * . Suppose that K * contains a subgraph F (in colour 1). So in the colouring K * the subgraph A 12 ∪ A 23 contains vertices belonging to exactly one of the deleted parts, K n1 or K n2 , and the subgraph A 13 must contain all vertices of the rest of the graph (the second deleted part as well).
Suppose for a while that |A 13 | 6 max{n 1 ; n 2 } − 1 = n 2 − 1. Since all edges of the subgraph A 13 are in colour 2 we have that A 13 must contain K n1 . Moreover, n 1 ¡ n 2 and a = 0, else we get a contradiction. Thus F = K n1;n2 where n 1 ¡ n 2 , and A 12 ∪ A 23 contains all vertices of K n2 . Hence |A 23 | 6 n 2 − 1. Then t 6 3(n 2 − 1). Since R(K n1;n2 ) ¿ R(K 2;n2 ) ¿ 3n 2 we get a contradiction.
So |A 13 | ¿ max{n 1 ; n 2 } = n 2 . Similarly we prove that |A 23 | ¿ max{n 1 ; n 2 } = n 2 . Therefore S = ? and (11) is not satisÿed. By Proposition 11 we get a contradiction. Case 3: Let q ¿ 3. Suppose for a while that |A 13 | ¡ |V ( F)|. Let us consider the colouring K * . Suppose that K * contains a subgraph F (in colour 1). Then the subgraph A 12 ∪ A 23 contains some vertices of one of the deleted parts and at least two deleted parts should be in the subgraph A 13 . Since A 13 has no edge in colour 1 we get a contradiction.
Therefore |A 13 | ¿ |V ( F)|. By similar argumentation we get |A 12 |; |A 23 | ¿ |V ( F)| as well. If inequality (11) is not satisÿed then by Proposition 11 we get a K 2→3 global 2-colouring without a monochromatic F.
Suppose that inequality (11) is satisÿed. Let us consider the colouring K of K t deÿned in the beginning of the proof. According to the assumption, each of the graphs A 12 ; A 13 ; A 23 must have edges in two colours. Case 3.1: Let q = 3 and n i = 2; i = 1; 2; 3. Note that if each of the subgraphs A 13 ; A 23 contains a K 1; 2 in colour 3, then inequality (11) is not satisÿed (see Fig. 1a ). Without loss of generality, suppose A 23 does not contain any K 1; 2 in colour 3. Then A 23 contains gK 2 in colour 3 for g ¿ 4, else the graph A 23 ∪ {x; y} contains a subgraph F in colour 2, where xy is an edge in colour 2 and x; y ∈ A 12 , a contradiction.
If a 6 max(4; |A 23 |−g − 4) then a subgraph F of colour 2 is contained in A 12 ∪ A 23 and we get a contradiction. So let a ¿ |A 23 | − g − 4 and a ¿ 4. Let us eliminate colour 2 in such a way that all edges between the sets A 12 ; A 23 are in colour 3. Consider the resulting global 2-colouring K = K 2→3 . Suppose that K contains a subgraph F in colour 3. Let us assume that A 23 contains a vertex of the part K a of the F in colour 3. Then at most one of the deleted parts can have a representative (i.e., a vertex) in the set A 23 (the second vertex of the deleted part should be in A 12 ). So A 23 contains only two vertices of F in colour 3 in K . Hence K contains a subgraph F in colour 2 as well, a contradiction. Therefore, A 12 contains all vertices of K a in colour 3 in K . So A 12 contains all vertices of K a in colour 2 in K. Since g ¿ 4 and A 23 does not contain any K 1; 2 in colour 3 we get F in colour 2 in K, a contradiction. Suppose that the part K a of the F has exactly three vertices in the set A 23 . Thus the part 4K 2 of the F is contained in the A 12 , else we get a C 4 in colour 3 in the colouring K of A 23 (and it is not possible). Note that the colouring K of A 23 does not contain any K 3 in colour 2, else we have F in colour 2 in K, and it is not possible. So the graph A 23 contains 2C 4 in colour 2 but it does not contain any C 4 in colour 3 and any K 3 in colour 2 if we consider the colouring K, a contradiction.
Suppose that the part K a of the F has exactly two vertices in the set A 23 . Then A 23 contains at most one vertex of the deleted part 4K 2 of the F, else we get a C 4 of colour 3 in the colouring K of A 23 (and it is not possible). Thus the part 3K 2 of the F is contained in the subgraph A 12 . Note that we can ÿnd F of colour 2 in K. Namely replace two deleted parts, i.e., A = 2K 2 , contained in A 12 into two such parts formed from the vertices of one of the cycles C 4 of colour 2 in the colouring K of A 23 . Then the part K a can be created from the part K a−2 and two vertices of A 12 representing each of the K 2 in A.
Suppose that the part K a of the F has exactly one vertex in the set A 23 . So at least 2K 2 of the part 4K 2 of the F is contained in the A 12 in K of colour 3, else we get a C 4 of colour 3 in the colouring K of A 23 (and it is not possible). If two of K 2 of the deleted part have a vertex in A 23 of colour 3, then each of the two subgraphs K 2 has a unique representative in the set and the second one is in the set A 12 . So we can easily change the F of colour 3 in K into a respective F of colour 2 in K, a contradiction. Therefore, exactly one K 2 of the part 4K 4 of the F has vertices in the set A 23 . So we can change in the F, three vertices (one vertex of the K a and two vertices of the K 2 ) into three vertices of a C 4 in colour 2 in the colouring K of A 23 . So we get an F in colour 2 in K, a contradiction.
Suppose that the part K a of the F has not any vertex in the set A 23 . Then the subgraph A 23 contains representatives of at most three of the deleted parts K 2 . If A 23 contains representatives of at most two such parts, then we can easily change two deleted parts by respective 2K 2 taken from the cycle C 4 of colour 2 in A 23 . If A 23 contains representatives of exactly three such parts, then each of these deleted parts has the second vertex in the set A 12 and we change the three parts by 3K 2 as follows: we ÿnd 2K 2 in the cycle C 4 in colour 2 in A 23 and the third K 2 we create from two vertices of the deleted 3K 2 belonging to A 12 . Both cases leads to a subgraph F in colour 2 in K, a contradiction. Therefore K is a global 2-colouring without a monochromatic F.
Directly by Theorem 10 we get the following extension of the result presented in Theorem 8.
Corollary 12. For m ¿ n + 2,
Problem 1. Let 2 6 n 1 6 n 2 6 · · · 6 n q ; q¿ 1; a¿ 0 be integers and F = aK 1 ∪ q s=1 K ns . Study the relation between R 2-loc ( F) and R( F) for q = 3; 4 and n s ¿ 2 for some s = 1; : : : ; q.
Investigation of disjoint union of stars
First we give an explicit formula for 2-local Ramsey number of disjoint union of two stars. Then we present a lower bound in general case.
Theorem 13 (GyÃ arfÃ as et al. [6] ). Let a be integer and a ¿ 1. Then Thus R 2-loc (F) ¿ t. We should prove that R 2-loc (F) 6 t. By Proposition 1 we have to consider the following two cases. Thus,
and 
else we get F of colour 2 or 3. If all edges of A 23 are in colour 3, then a subgraph F of colour 3 is contained in
Hence we can assume that A 23 is not monochromatic. Let K 1;s be a star of colour 2 in A 23 , where s is as big as possible.
It can be noted that
and |A 12 | 6 a − s , else a subgraph F of colour 2 can be easily created (see Fig. 2 ). Since s = [q=2] we get b + 1 + s 6 s. Note that by (16) there is a star K 1;s+b+1 of colour 3 in A 23 . Evidently |A 13 ∪ A 23 | ¿ 2a + b + 2 − (a − s ) = a + b + 2 + s . Thus we get F of colour 3 in A 13 ∪ A 23 (see Fig. 3 ). 
Since |A 13 | 6 a we get |A 12 | ¿ a + 2. We can assume that |A 13 | 6 b, else a subgraph 
Note that for 2b − 3 ¡ a the proof of the case is done (in this case we get a contradiction to (19)).
We claim that A 12 is not monochromatic. Suppose to the contrary that all edges of A 12 are monochromatic, say of colour 1. 
